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I. INTRODUCTION 

The origin of electroweak symmetry breaking (EWSB) 
continues to be an outstanding mystery. In one class 
of models this breaking is produced dynamically by 
means of an asymptotically free, vectorial, gauge inter- 
action based on an exact gauge symmetry, commonly 
called technicolor (TC), that becomes strongly coupled 
on the TeV scale, causing the formation of bilinear tech- 
nifermion condensates In order to communicate the 
electroweak symmetry breaking in the technicolor sector 
to the Standard-Model (SM) fermions (which are tech- 
nisinglets), one embeds the technicolor symmetry in a 
larger theory called extended technicolor (ETC) [2]. A 
different approach is based on the idea that because of 
its large mass, the top quark should play a special role in 
electroweak symmetry breaking, and models of this type 
feature a top-quark condensate, (it). An early realiza- 
tion of this idea made use of (nonrenormalizable) four- 
fermion operators Q, while later renormalizable models 
used separate asymptotically free, vectorial SU(3) gauge 
interactions acting on the third generation of quarks and 
on the first two generations of quarks, denoted as SU(3)i 
and SU(3)a, respectively 0, These are often called 
"topcolor" models. In these models the SU(3)i interac- 
tion becomes sufficiently strong, at a scale A t of order 1 
TeV, to produce the (ft) condensate. The SU(3)i inter- 
action actually treats the t and b quarks in the same way 
and hence, by itself, would also produce a (bb) condensate 
equal, up to small corrections, to (it), and a resultant dy- 
namical 6-quark mass essentially equal to nit- To prevent 
the formation of such a (bb) condensate, these models in- 
clude an additional set of hypercharge-type U(l)i<g>U(l)2 
gauge interactions. In these models the SU(3)i <g> SU(3)2 
and U(l)i£g)U(l)2 symmetries each break to their respec- 
tive diagonal subgroups, which are the usual color SU(3) C 
and weak hypercharge U(l)y groups. There has been 
considerable interest in hybrid models that combine the 
properties of technicolor and topcolor and thus feature 
both technifermion condensates and a top-quark con- 
densate [J]-|7|. These are often called "topcolor- assisted 
technicolor" or TC2 models. In these theories, most of 
the observed top-quark mass, m t ~ 173 GeV, is due to 



the (it) condensate. Reviews of these models include @- 

In this paper we shall carry out an exploratory con- 
struction and analysis of an ultraviolet extension of a 
TC2 model in which we explicitly specify an embed- 
ding of the TC symmetry in a higher-lying ETC group 
and dynamical mechanisms for the necessary breakings 
of both the ETC group to the TC group and of the 
SU(3)i®SU(3) 2 ®U(l)i®U(l) a group to SU(3) c ®U(l)y. 
Because our model does not purport to be complete, we 
call it an ultraviolet extension rather than an ultravio- 
let completion. It is recognized that models that involve 
a top quark condensate and associated strong interac- 
tions of the top quark at a scale not too much larger 
than mt are tightly constrained by the excellent agree- 
ment between the measured cross section for pp — > tiX 
at y/s = 1.96 TeV from the CDF and DO experiments 
at the Fermilab Tevatron (TTl - fl3T ] and perturbative QCD 
predictions [14]. TC2 models are also subject to bounds 
from searches for colorons, top pions, ft resonances, and 
by constraints from precision electroweak data [j]-@- 
Detailed analyses of the phenomenology of TC2 mod- 
els have been given in the literature @"0- Our present 
work is somewhat complementary to these analyses, in 
that we focus on the effort to build an ultraviolet exten- 
sion of a TC2 model, although we do comment on some 
phenomenological implications of this extension. Before 
proceeding, it is appropriate to recall that TC2 models 
represent only one among many ideas for physics beyond 
the Standard Model; other ideas include, for example, 
a top-quark seesaw, supersymmetry, and theories involv- 
ing higher spacetime dimensions, in particular, "higgless" 
models and string theory. Here we will concentrate on a 
(four-dimensional) TC2 approach. 

This paper is organized as follows. In Section II we re- 
view some necessary background on TC/ETC and TC2 
models. In Section III we discuss our ultraviolet exten- 
sion and analyze its properties. Section IV contains a 
brief discussion of the consequences that would ensue 
if one tried to build a model including an SU(2)l.i (8 
SU(2)l j2 sector analogous to the SU(3)i <g> SU(3)2 and 
U(l)i ® U(l)2 sectors of TC2 theories. In a concluding 
section, we summarize the successes of the model and cer- 
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tain problems that deserve further study. Some notation 
and formulas are contained in an Appendix. 



II. SOME BACKGROUND 

A. TC/ETC Models 

Here we briefly review some relevant background on 
models with dynamical electroweak symmetry breaking, 
first on TC/ETC models and then on models featuring 
top-quark condensates. Early works on ETC tended to 
model ETC effects via four-fermion operators connect- 
ing SM fermions and technifermions, with some assumed 
values for their coefficients. More complete studies have 
taken on the task of deriving these four-fermion operators 
by analyses of renormalizable, reasonably ultraviolet- 
complete, ETC models. These models normally gauge 
the generational index and combine it with the techni- 
color index. Thus, given that the TC and ETC gauge 
groups are SU (Ntc)tc C SU(Netc)etc , one has the 
relation 



NeTC = N gen + NtC 



(2.1) 



gen 



3 denotes the number of oberved SM 



where N, 

fermion generations [15|. The ETC gauge symmetry 



breaks in a series of stages, in one-to-one correspondence 
with the SM fermion generations, down to the residual 
exact technicolor symmetry. Some recent reviews include 
Refs. 0|j [I3|"0- At the highest breaking scale, denoted 
Ai, the first-generation fermions split off, and since they 
communicate with the EWSB technifermion sector only 
via ETC gauge bosons with masses of order A 1; it fol- 
lows that their masses are the smallest. The reasonably 
ultraviolet-complete ETC models of Refs. [ll|-[22[ used 
the minimal non-Abelian value Ntc — 2 in order to re- 
duce technicolor corrections to W and Z propagators. 
Accordingly, these models employed an SU(5) etc group. 
In these models, the ETC-breaking scales corresponding 
to the three generations exhibit a hierarchy encompass- 
ing Ai of order 10 3 TeV, an intermediate scale, A2, and 
the smallest scale, A3 of order a few TeV. 

TC /ETC models in which the SM-nonsinglet fermions 
transform vectorially under the ETC gauge group are 
able to satisfy constraints from flavor-chan ging ne utral- 
current processes. This was shown in Refs. [21, 22] to re- 
sult from approximate residual generational symmetries. 
These models rely upon a slowly running (walking) TC 
gauge coupling associated with an approximate infrared 
zero of the TC beta function in order to enhance fermion 
masses 0, [24|. They also must rely upon this walk- 
ing behavior in another way, namely that in the pres- 
ence of a slowly running coupling at the TeV scale, small 
perturbations by SM gauge interactions have a magni- 
fied effect. Thus, although the SU(3) C coupling is small 
at this scale, it provides enhancement for the condensa- 
tion of techniquarks, relative to technileptons, and hence 
causes the techniquark condensate to occur at a higher 



scale, with the result that the dynamically induced tech- 
niquark masses are larger than the technilepton masses. 
This, in turn, can explain why the masses of the quarks 
are greater than the mass of the charged lepton in each 
generation. (The very small masses of neutrinos require a 
more complicated mechanism, involving a low-scale see- 
saw [20| . ) Furthermore, since the weak hypercharge in- 
teraction favors the condensation of the techniquarks of 
charge 2/3 in a one-family model, while inhibiting the 
condensation of techniquarks of charge —1/3 (see Eqs. 
(|2.4[) - (I2.5[) ). the former naturally condense at a higher 
scale then the latter. This can explain why the charge 2/3 
quarks of the higher two generations are heavier than the 
charge —1/3 quarks (explaining why m u < rrid presum- 
ably necessitates incorporating effects of off-diagonal el- 
ements of the respective up-quark and down-quark mass 
matrices). However, it is not clear that this effect is large 
enough to account for the large mass ratio mt/rrib with- 
out violating custodial-symmetry constraints and, more- 
over, is able to produce realistic CKM mixing [22|, HBJ. 
Indeed, the large value of the top-quark mass was one of 
the main motivations for models featuring a (it) conden- 
sate. 



B. Models with (FF) and (tt) 

We proceed to discuss some details of TC2 models that 
will be needed for the explanation of our ultraviolet ex- 
tension. These use a gauge group, 
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ASM 



(2.2) 



where Gtc is the technicolor group and Gasm is the 
augmented SM (ASM) group 

Gasm = SU(3)i ® SU(3) 2 ® SU(2) L <g> U(l)i ® U(l) 2 . 

(2.3) 

Our notation for the running gauge couplings (with the 
scale [i implicit here) is g TC and, for the five factor groups 
in Gasm, g c i, ffc2, 9, 9i, and g' 2 . The running squared 
couplings are denoted aij = <j>|/(47r) for the various fac- 



tor groups Gj. The gauge symmetry (|2.2p is operative 
above a scale of order 1 TeV and below the lowest ETC 
breaking scale. As discussed above, the SU(3)i interac- 
tion couples to the third generation of quarks, while the 
SU(3)2 interaction couples to the first two generations of 
quarks. The SU(3)i coupling at this scale is considerably 
stronger than the SU(3)2 coupling, and, indeed, becomes 
strong enough to produce the (it) condensate. 

To prevent the formation of a (66) condensate by this 
SU(3)i interaction, TC2 models rely on the U(l)i<gsU(l) 2 
factor group displayed in Eq. (|2.3I) . In early TC2 mod- 
els, the U(l)i and U(l)2 interactions coupled, respec- 
tively, to SM fermions of the third generation, and to 
SM fermions of the first two generations, according to 
their weak hypercharges. Motivated by constraints from 
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precision electroweak data, more recent TC2 models @,0| 
have adopted a different set of U(l)i ® U(l) 2 charge as- 
signments in which the U(l)i interaction couples in the 
same manner to all three generations, which are singlets 
under U(l)2- These models have thus been character- 
ized as having flavor-universal hypercharge. At the scale 
At, the U(l)i interaction is assumed to be strong enough 
to (i) enhance the formation of the (it) = (t^ifl) + h.c. 
condensate, since the relevant hypercharge product 



{-Yq l )Y ur — -- 



(2.4) 



is attractive, and (ii) prevent the formation of a (bb) = 
(pL^R) + h.c. condensate, since the hypercharge product 



(-Y QL )Y dR =+- 



(2.5) 



is repulsive [26| . However, there are several constraints 
on the strength of the U(l)i coupling. First, if it were too 
large, then there would be excessive violation of custodial 
symmetry. Second, since the U(l)i (as well as U(l)2) 
gauge interaction is not asymptotically free, a moderately 
strong U(l)i coupling would bring with it the danger 
of a Landau pole at an energy not too far above the 1 
TeV scale, so that the model could not be regarded as 
a self-consistent low-energy effective field theory. These 
constraints have been used in TC2 model-building [Ij-fl]- 
Indeed, in view of these constraints and the fact that, 
as the energy scale \i decreases, the U(l)i coupling gets 
weaker while the SU(3)i coupling gets stronger, there is 
a rather limited set of values of couplings and a limited 
interval in which this scenario can take place in a self- 
consistent manner. In particular, the SU(3)i coupling 
at the scale A t must be fine-tuned to be only slightly 
greater than the critical value for the formation of the 
(tit) condensate, so that a rather weak U(l)i coupling can 
still prevent the formation of a (bb) condensate 0-0 • 

To the extent that this top-quark mass generation 
by SU(3)i is analogous to the dynamical generation of 
constituent-quark masses in quantum chromodynamics 
(QCD), then, since the latter are of order Aqcd, one 
would infer that A t would be roughly comparable to nit ■ 
More quantitatively, one can use the approximate rela- 
tion 123 



a W mass given, to leading order, by 

9 2 (N TD f TC + f?) 



(2.7) 



where Ntd denotes the number of SU(2)l technidoublets 
in the theory. Our ultraviolet extension will use a one- 
family TC model, so that Ntd = (N c + 1) = 4. In 
the absence of the / t 2 contribution from the top-quark 
condensate (i.e., in regular technicolor), Eq. (|2.7[) would 
yield f TC ^ 125 GeV; the value of f TC in the TC2 theory 
is slightly reduced by the presence of the / t 2 term. Since 
ft / (Ntd/to) ~ 0.1, most of the contribution to the 
W mass in the TC2 model is provided by technicolor. 
Similar comments apply to the Z mass. 

One should remark on a difference between the gener- 
ation of dynamical masses for light quarks in QCD and 
tcchniquarks in TC, on the one hand, and the genera- 
tion of the top-quark mass in TC2 theories, on the other 
hand. In the former two cases, the gauge interactions 
responsible for the condensates and resultant dynamical 
fermion masses are exact. In contrast, SU(3)i is bro- 
ken at a scale comparable to the scale A t where it gets 
strong and produces the (it) condensate. It is thus plau- 
sible that, to compensate for this, A t should be some- 
what larger than E t ~ m t , say of order 1 TeV, and we 
will assume this approximate value here. Slightly be- 
low the A t scale, the SU(3)i ® SU(3)2 symmetry group 
breaks to its diagonal subgroup that treats all genera- 
tions symmetrically, namely usual color SU(3) C , while 
the U(l)i (g> U(l)2 symmetry group breaks to a diagonal 
subgroup, which is the usual weak hypercharge, U(l)y. 
Thus, one has the symmetry breaking Gasm — > Gsm, 
where G SM = SU(3) C <gs S\J(2) L ® U(l) r . 

We shall use the more modern type of TC2 model with 
a U(l)i coupling universally to all generations [f| 0] to 
serve as the basis for our ultraviolet extension. We dis- 
play SM fermion representations in this type of model 
below. In our notation, the three numbers in paren- 
theses are the dimensions of the representations of the 
three non-Abelian factor groups in Gasm', the subscripts 
are the U(l)i and U(l)2 hypercharges; and a and a' £ 
{1,2,3} are SU(3)i and SU(3) 2 indices: 



u" 
d"' 



2(l,3,2) 1/3 , 



(2. 



3E| 
4tt 2 



In 



A, 



(2.6) 



where Ai nt represents a cutoff scale characterizing the 
asymptotic decay of the dynamical mass St, considered 
as a running quantity. This scale, Aj n t , enters in the inte- 
gral that one calculates in deriving this relation. Setting 
Et ~ m t and using the rough estimate Ai nt ~ 2E t , one 
obtains ft — 70 GeV. The technifermion condensation 
yields an analogous frc- Both the top-quark and tech- 
nifermion condensates transform as AT3 = 1/2 under 
SU(2)i and |AV| = 1 under U(l)y, and hence produce 



(3, 1, 2)i/ 3 ,o 



2(l,l,2)_i, 



(2.9) 



u%, c a R : 2(1,3,1) 4A0 ; t% : (3,l,l) 4/3 ,o (2.10) 



d a R , s a R : 2(1,3, l)_ a/3l „; b a R :(3,l,l)_ 2/3 ,o (2.11) 



(2.12) 
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(1,1, 2)^,0 (2.13) 



and 

e R , fiR : 2(1,1, 1)_ 2)0 ; t r : (1, 1, 1)_ 2)0 . (2.14) 

It is an option whether one explicitly includes right- 
handed electroweak-singlet neutrinos, since they are sin- 
glets under Gasm- 

III. CONSTRUCTION AND ASSESSMENT OF 
AN ULTRAVIOLET EXTENSION 

A. General Structure 

We find that it is not possible to have the usual ETC 
structure given by Eq. (|2.1[) . The reason is quite funda- 
mental; the full ETC symmetry is incompatible with the 
essential feature of the model, namely the fact that the 
first two generations of SM fermions transform accord- 
ing to different representations of Gasm than the third 
generation. In other words, the ETC symmetry implies, 
a fortiori, that unitary transformations that mix up the 
three left-handed SU(2)i quark doublets leave the the- 
ory invariant, but this requirement is incompatible with 
the assignment of the first two generations of these quark 
doublets to the representation (1, 3) of SU(3)i ® SU(3)2 
and the third to the different representation of this group, 
(3, 1). Similarly, the ETC symmetry implies, a fortiori, 
that unitary transformations that mix up the three gen- 
erations of right-handed up-type quarks and, separately, 
the three generations of down-type quarks leave the the- 
ory invariant, but this requirement is incompatible with 
the assignment of the first two generations of these quark 
fields to the representation (1, 3) of SU(3)i ® SU(3)2 and 
the third generation to the (3,1) representation. 

In view of this fundamental incompatibility, we shall 
construct the ETC group by embedding the first two gen- 
erations of SM fermions together with the technifermions 
in ETC multiplets. Hence, for our ETC model, the rela- 
tion (|2.1I) is altered to read 

Netc = N gen - 1 + N TC = 2 + N TC . (3.1) 

As before, in order to minimize TC corrections to W and 
Z propagators, we again choose the minimal non-Abelian 
value, N T c — 2, so our ETC group is SU(4) etc- We thus 
consider a model that, at a high scale, is invariant under 
the gauge symmetry 

G = Getca ® Gasm , (3.2) 

where 

Getca = SU(4) BTC ® SU(2) HC ® SU(3) MC ® SU(2) UC 

(3.3) 

and Gasm was given in Eq. (I2.3[) . The group Getca 
contains the ETC group, SU (4) etc, together with three 



additional gauge interactions (the subscript A in ETC A 
refers to these additional interactions): (i) hypercolor 
(HC) SU(2) HC , which helps in the breaking of SU(4) BTC 
in two sequential stages, to SU(3) etc and then to the 
residual exact technicolor group, SU(2)tc; (ii) metacolor 
(MC) SU(3) MC , which breaks SU(3)i®SU(3) 2 to the di- 
agonal subgroup, color SU(3) C ; and (iii) ultracolor (UC) 
SV(2)uc, which breaks U(l)i ® U(l) 2 to the diagonal 
subgroup, weak hypercharge U(l)y. With the fermion 
content to be delineated below, all of the four gauge in- 
teractions in Getca are asymptotically free. 

The fermions with SM quantum numbers, including 
the usual SM fermions and the technifermions, are as- 
signed to the representations displayed below. We use 
notation such that the four numbers in the parentheses 
are the dimensions of the representations of the group 

SU(4) BT c ® SU(3)i ® SU(3) 2 ® SU(2) L , (3.4) 

while the two subscripts are the hypercharges for the 
gauge groups U(l)i and U(l) 2 , respectively. Since all 
of these fermions are singlets under the additional gauge 
interactions in Gasm, namely SV(2)hc ® SU(3)a/c ® 
SU(2)[/c, we do not include these factor groups in the 
listings. The index i is an SU (4) etc index, with i = 1,2 
referring to the first two generations and i = 3,4 being 
SU(2)tc gauge indices. As before, e.g. in [2l|, we use 
a compact notation in which u a yl = u a , u a - 2 = c a , 
d a - 1 = d a , d a ' 2 = s a , e 1 = e, and e 2 = fx. The fermion 
representations are 

' ■ / u a ' u a ' '' 2 U a ' 3 U a ' 4 \ 
QV=[ d a',l d a>,2 d a',3 d a',4 )^ : (4, 1, 3, 2) 1/3 , 

(3.5) 

QI) : (1,3,1,2) 1A0 (3.6) 

(u a '>\u a '> 2 ,u a '> 3 ,u a '> i ) R : (4,1,3,1)4/3,0 (3.7) 

t a R : (l,3,l,l) 4/3 ,o (3.8) 

(d a ''\d a '' 2 ,d a '> 3 ,d a '>% : (4,l,3,l)_ 2/3 ,o (3.9) 

b a R : (l,3,l,l)_ 2/3 ,o (3.10) 

Ll= ^ V l : (4,1,1,2)^,0 (3.11) 



y T T j^ ■ (M.Uko (3.12) 
(e\e 2 ,e 3 ,e A ) R ; (4, 1, 1, 1)_ 2)0 (3.13) 
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and 

t r : (1,1,1,1)_ 2>0 . (3.14) 

As was alluded to above, this is thus a one-family techni- 
color model (28J. Given the motivation for the structure 
of the model, it is clear why there are no SM fermions 
that are simultaneously nonsinglets under both SU(3)i 
and SU(3)2- As pointed out above, one cannot embed 
all of the generations of each type of fermion in a single 
corresponding ETC multiplet, since there is an incom- 
patibility between the essential ETC feature of treating 
the three generations in a symmetric manner at the high 
scale and the fact that in these types of models the first 
two generations are subject to different gauge symme- 
tries than the third generation. Hence, with the present 
embedding in S\J (4) etc, there is only mixing of the 
first two generations with each other, but no full three- 
generation CKM (Cabibbo-Kobayashi-Maskawa) mixing. 
Thus, V ub = V cb = V td = V ts = 0. (Indeed, the ob- 
served CKM quark mixing represents the difference in 
mixings between the up-quark and down-quark sectors, 
so three-generational mixings in these individual sectors 
are necessary but not sufficient to fit the observed CKM 
mixing.) The fact that the third-generation quarks trans- 
form differently under SU(3)i <8> SU(3)2 than the first two 
generations of quarks was recognized in early TC2 model- 
building to pose a challenge to getting full CKM mixing 
0, HI, and this problem manifests itself directly in our 
UV extension. This shows that further ingredients are 
required for a satisfactory larger ultraviolet completion. 

B. Generalities on Fermion Condensation Channels 

In general, in an asymptotically free gauge theory in- 
volving possible condensation of fermions transforming 
according to the representations R\ and R 2 of the gauge 
group Gj to a condensate transforming as R con d, an ap- 
proximate measure of attractiveness of this channel 

Ri x R 2 ->■ R cond (3.15) 

is 

AC 2 = C 2 (Ri) + C 2 (R 2 ) - C 2 {R cond ) , (3.16) 

where C 2 (R) is the quadratic Casimir invariant for the 
representation R [29j . If several possible condensation 
channels are possible, it is expected that condensation 
occurs in the most attractive channel (MAC), i.e., the one 
with the largest value of AC 2 . For a vectorial gauge in- 
teraction, the most attractive channel is R x R — > 1, pro- 
ducing a condensate in the singlet representation of the 
gauge group (with AC 2 — 2C 2 (R)) and thus preserving 
the gauge invariance. In this the reference energy 

scale n decreases from large values where the gauge in- 
teraction is weak, this condensation is expected to occur 
when a.j{ii)C 2 (R) exceeds a value of order unity. Some 



results relevant to this are given in the Appendix. For 
a particular asymptotically free gauge interaction, one 
must check to see whether, given its (light or massless) 
fermion content, it will evolve from high scales where it 
is weakly coupled to lower scales in a manner that leads 
to a growth in the coupling that is sufficient to trigger 
fermion condensation, or whether, alternatively, its cou- 
pling could approach an infrared fixed point that is too 
small for such condensation to occur. In the latter case, 
this gauge interaction would not spontaneously break its 
chiral symmetries. In the model studied here, it is re- 
quired that the SU(2) HC , SU(3)i, SU(3) MC , SU(2) C/C , 
and SU(2)tc gauge interactions produce various conden- 
sates, and we will show that this is, indeed, consistent 
with the sets of nonsinglet fermions subject to these re- 
spective interactions. Throughout our analysis, it is un- 
derstood that there are theoretical uncertainties inherent 
in analyzing such strong-coupling phenomena as fermion 
condensation. 

We proceed to describe the fermion contents of the rest 
of the model. Since the full model is a chiral gauge the- 
ory, it follows that the Lagrangian describing the physics 
at a high scale ~ 10 4 TeV has no fermion mass terms. 
An analysis of global symmetries is of interest especially 
since some of these symmetries are broken by conden- 
sates produced by gauge symmetries that become strong 
at various lower energy scales. We shall discuss these 
global symmetries below. 

C. SU(2) ffC Sector 

We shall need a set of fermions whose role is to break 
the SU(4)btc symmetry in two stages down to SU(2)tc- 
These fermions arc singlets under all of the gauge sym- 
metries except SU(4) etc®SU(2)hc, so we only list their 
dimensionalities under these two groups: 

1>j,R ■■ (4,1) (3-17) 

XT ■■ (4,2) (3.18) 

and 

C J r'° ■■ (6,2), (3.19) 

where j and a are SXJ (4) etc and SXJ(2)hc indices, re- 
spectively. The 6-dimensional representation of SU(4) is 
the antisymmetric rank-2 tensor representation, which 
is self-conjugate (and hence has zero SU (4) etc gauge 
anomaly) . 

We next discuss the global flavor symmetries involv- 
ing hypercolor-nonsinglet fermions. The fact that the 
and Cr'" fields are nonsinglets under two inter- 
actions, namely SU(4) ^tc and SU(2)#c, that become 
strongly coupled at comparable scales (Aj ~ ^-hc ~ 10 3 
TeV) plays an important role in the determination of 
this global chiral symmetry. In the hypothetical limit 
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where, at a given scale, the SU(2)jjc coupling were 
imagined to be much stronger than the SU(4) ST c' cou- 
pling, it would follow that the sector of HC-nonsinglet 
fermions would be invariant under the classical global 
flavor symmetry group U(4) x <£> U(6)^, or equivalently, 
SU(4) x (g)SU(6) f (g)U(l) x (g)U(l) c . Here, the global U(l) x 
and U(l)^ transformations are defined to rephase x 3 it 
and Cfi respectively. Both of these global U(l) sym- 
metries are broken by SU(2)jjc instantons, with one lin- 
ear combination remaining unbroken. Just as SU(2)i 
instantons break quark number, N q , and lepton number, 
Nl = L, but preserve N c N q — Nl = B — L, so also 
the SU(2)hc instantons preserve the linear combination 
AN x — 6Nq, or equivalently, 2N X — 3N^. Let us denote the 
corresponding global (g) number symmetry as \J(1) ucg- 
Thus, if SU(4) Er c interactions could be neglected rela- 
tive to SU(2)jjcj then the actual global chiral symmetry 
group of this sector would be SU(4) x ®SU(6)£®U(l)ijc , fl - 
However, although the SU(2)jjc interaction is stronger 
than the SU (4)etc interaction, the latter is never negli- 
gible, and hence the global flavor symmetry group is not 
SU(4) X <g> SU(6)^ ® U(l)jjcg symmetry, but instead only 
U(1)hc 9 . 



D. SU(3) MC Sector 

The fermions in the second set are involved with the 
breaking of SU(3)i ® SU(3)2 to the diagonal color sub- 
group, color SU(3) C . This set contains nonsinglets under 
only the group SU(3) MC ® SU(3)i ® SU(3) 2 (i.e., they all 
have zero U(l)i and U(2) 2 hypercharges) ; with respect 
to this group, the fermions transform as 



7p,L 



(1,3,1), 0=1,2,3 



(3,1,3) 



and 



%,R 



(1,1,3), p=l,2,3 



(3.21) 



(3.22) 



(3.23) 



(3,3,1) 



(3.20) 



where A, a, and a 1 are SU(3)mc, SU(3)i, and SU(3)2 
gauge indices. (This set of fermion fields could be written 
equivalently in holomorphic form as all right-handed or 
all left-handed fields by using appropriate complex con- 
jugates.) 

The fermions that are nonsinglets under SU(3)i in- 
clude the third-generation quarks and the fermions £^,' A 
and 77° L in Eqs. (pT2T)]) and (j3~2T|) . In order to deter- 
mine the operative global flavor symmetry involving MC- 
nonsinglet fermions slightly above 1 TeV, one must take 
account of the fact that both the SU(3)i and SU(3)mc 
interactions become strongly coupled at this scale. In 
accordance with constraints from custodial symmetry, 
we shall assume that the U(l)i gauge coupling is suffi- 
ciently weakly coupled so that it, together with the other 
(non-technicolor) gauge interactions can be neglected, in 
a leading approximation, in considering the global fla- 
vor symmetry. Then the classical global flavor symmetry 
group at this scale would be 

U(2) (t)6)i ® U(2) (t , 6)R ® U(1) ?R ® U(3) w ® U(3) a , 

(3.24) 

or equivalently, 



SU(2) (t)6)i ® SU(2) (tib)fl ® U(l) (tl6 ) v ® U(l) (t , b)A ® U(1) 4h ® SU(3)„ L ® U(l)„ t ® SU(3) a ® U(l) t 



(3.25) 



r 



Here, SU(2)( tif) ) I _ and SU(2)( t M fl operate on the left- 
and right-handed chiral t and b fields; U(l)( t M v and 
U(l)(t > b) A are vector and axial-vector U(l)'s operating 

on t and b; the U(l)f fl rephases the fields (for fixed 
a and A); the U(3)^ operates on the three rj^ L fields 
(with a fixed, and p = 1,2,3); and the U(3)^ operates 

on the three A fields (with A fixed and a' = 1,2,3). 
SU(3)i instantons leave U(l)(t m v invariant but break 
U(l) (tifc ) A , U(1) ?H , and V(l), lL . SU(3) M c instantons 
break the U(1)^ H and U(l)^ symmetries. (Thus, in par- 
ticular, the U(1)^ R symmetry is broken by both SU(3)i 
and SU(3)mc instantons.) From the broken U(l)( tj b) A 
and U(X) 7?i symmetries one can form a linear combina- 



tion, which we denote U(l)', that is preserved by the 
SU(3)i instantons. To form a conserved axial- vector cur- 
rent involving the field, one needs to cancel the di- 
vergences due to both the SU(3)i and SU(3)mc instan- 
tons, which requires a linear combination of the axial- 
vector currents involving the t]l and £l, respectively. 
We denote this conserved global symmetry as U(l) scm 
(where scm = "strongly coupled, mixed"). Thus, with 
the above-mentioned provisos that other gauge interac- 
tions can be considered negligible, the actual quantum 
global flavor symmetry involving fermions that are nons- 
inglets under the strongly coupled SU(3)i and SU '(3) mc 
gauge symmetries is 
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SU(2) (t)6)£ ® SU(2) (tj6)H <g> U(l) (t)6)v ® SU(3)^ <8> U(l)' ® SU(3) a ® U(l) scro . (3.26) 



E. SU(2)!7c Sector 

The third set of fermions is involved with the breaking 
of U(l)i ® U(l)2 to the diagonal subgroup, weak hyper- 
charge U(l)y. This set contains nonsinglets under only 
the group SU(2)[/c <8> U(l)i £S> U(l)a, and, with respect 
to this group, the fields transform as 

(1% : 2 v ,o (3.27) 

u p , R : l_ Wi0 , p = l,2 (3.28) 

fi$ : 2o,_3, (3.29) 

and 

w p ,_r : lo, y , P = 1, 2 , (3.30) 

where a is an SU(2)j/c gauge index, the subscripts denote 
the hypercharges with respect to U(l)i and U(l)a, and 
i/^0. This SU(2)[/c sector has a classical global U(l)n® 
U(1)q symmetry, where U(1)q and U(l)s rephase the 

f2jj and helds, respectively. Both of these U(l)'s are 
broken by the S\l(2)uc instantons, but the combination 
corresponding to Nucg — — is preserved. We 
denote this as U(l)uCg- 

As is evident from these fermion representation as- 
signments, we have chosen to construct the ultraviolet 
extension to have a modular structure, in which one sec- 
tor is responsible for the breaking of SU(3)i ® SU(3)2 
to SU(3) C and another is responsible for the breaking of 
U(l)i<g>U(l) 2 to U(l)y, rather than trying to accomplish 
this breaking with a single sector. While this makes the 
model somewhat complicated, it actually simplifies some 
aspects of the analysis, such as checking anomaly can- 
cellation and determining condensation channels. One 
could also investigate models in which one tries to use a 
single sector to carry out both of these symmetry break- 
ings. 

F. Anomaly Cancellation 

Since the full model is a chiral gauge theory, it is nec- 
essary to check that it is free of any gauge or global 
anomalies. Given the modular construction of the the- 
ory, we can divide the analysis of anomalies into several 
parts. The first involves contributions of fermions that 
are nonsinglets under the SU(4) etc group. We first ob- 
serve that the SU(4) etc anomalies of the ipi t R and Xr* 
fields are equivalent to the anomaly of one right-handed 



I 

fermion in the fundamental representation of SU (4) etc ■ 
This plays the role of a right-handed electroweak-singlet 
neutrino-type ETC multiplet, so that, in conjunction 
with the fe rmion fields in Eqs. (pT5]l , pTf]) . (j33| . (|3~TTj) . 
and (|3.13p . it renders the part of SU(4)btc involving 
SM-nonsinglet fermions vectorlike, so the [SU(4)btc] 3 
anomaly from these fermions vanishes. The hyper- 
color sector is constructed so that its contribution to 
the [SU(4)£tc] 3 anomaly also vanishes, so the entire 
[SU(4)stc] 3 anomaly is zero. The anomalies of the form 

[SU(4) BTC ] 2 U(1) 1) [SU(2) L ] 2 U(l)r, and [U(l)r] 3 

(3.31) 

cancel between (quarks plus techniquarks) and (leptons 
plus technileptons) . One also verifies that the following 
anomalies vanish: 

[SU(4) BTC ] 2 U(l) 2 , [SU(2) L ] 2 U(l) 2 , 
[SU(3)!] 3 , [SU(3) 2 ] 3 , [SU(3) A fc] 3 
[SU(3)i] 2 U(l)i, [SU(3)!] 2 U(1) 2 , 
[SU(3) 2 ] 2 U(1) 1; [SU(3) 2 ] 2 U(1) 2 , 
[SU(3)mc] 2 U(1)i, [SU(3)mc] 2 U(l) 2 , 
[SU(2) ffC ] 2 U(l) 1 , [SU(2) HC ] 2 U(1) 2 , 
[SU(2) [/C ] 2 U(1) 1 , [SU(2) C/C ] 2 U(1) 2 , 
[U(l) 2 ] 3 , [U^rpUa),, [U(l) 2 ] 2 U(l)x. 

(3.32) 

Several of these anomalies vanish trivially, owing to the 
fact that the SM fermions have zero U(l) 2 hypercharge 
and the modular construction of the theory. Within a 
semiclassical picture that incorporates gravity, one would 
also require that the mixed gauge-gravitational anoma- 
lies G 2 V(l)i and Q 2 U(l) 2 vanish, where here Q denotes 
graviton. This requirement is satisfied. 

One also must check that there are no global Wit- 
ten anomalies (associated with the homotopy group 
7T4(SU(2)) = Z 2 ). This requires that the number of chi- 
ral fermions transforming as doublets under each of the 
SU(2) gauge group be even. For the sector of SU(2)l- 
nonsinglet fermions, we have (N gen — 1 + Ntc)(N c + 1) = 
16 chiral doublets. For the SU(2)#c sector we have 
Netc = 4 (holomorphic) chiral doublets. Finally, for 
the SU(2)[/c sector we have ANuc = 8 (holomorphic) 
chiral doublets. Thus, the theory is free of any global W4 
anomaly. 
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G. Symmetry Breaking of SU(4) BT c to SU(2) T c 

The model is constructed so that the breaking of the 
SU '(4) etc symmetry to SU(3)_btc at a scale Ai, and 
then to the residual exact SU(2)tc symmetry at a lower 
scale A2 is primarily driven by the HC gauge interaction, 
which is arranged to become strong at a scale Ahc — 
Ai ~ 10 3 TeV. The details of how an SU(4) etc theory 
can be broken to the residual exact technicolor subgroup 
SU(2)tc were presented in our Ref. j3(j, to which we 
refer the reader. Here we only briefly mention the main 
points. One chooses the values of the SU(A)etc and 
SU(2) hc couplings at a high scale so that at the scale Ai, 
the HC interaction is sufficiently stronger than the ETC 
interaction that the most attractive channel involves HC- 
nonsinglet fermions and is of the form (in the notation of 

Eqs. ntnu - doi ) 

(4, 2) x (6, 2)^(4,1), (3.33) 

with AC 2 = 5/2 for SU(4) BTC and AC 2 = 3/2 for 
SV(2) hc- The associated condensate is 

T CC k R LJ3 } , (3.34) 

where e,j/-^ is the totally antisymmetric tensor density 
for SU (4) etc- This breaks SU(4) £TC to SU {3) etc and 
is invariant under SU (2) hc- With no loss of generality, 
we may define the uncontracted SU (4) etc index in Eq. 
(|3.34j) to be i = 1 . This condensate also breaks the global 
U(l)jjcg symmetry, giving rise to a Nambu-Goldstone 
boson (NGB). (Additional physics in a UV completion 
could render this a PNGB.) In general, (P)NGB's have 
derivative couplings and hence have interactions that 
vanish in the limit where the center-of-mass energy y/s 
is much less than the scale of the symmetry breaking, 
i.e., here, energies much smaller than 10 3 TeV. More- 
over, this particular NGB is a SM-singlet, which further 
suppresses its observable effects. We shall discuss the 
(pseudo)-Nambu-Goldstone bosons (PNGB's) resulting 
from the technifermion condensates below. 

As the theory evolves to lower energy scales, the 
SV(3)etc and SU(2)hc gauge couplings continue to 
grow, and at the scale A 2 , the dominant SU(2)hc interac- 
tion, in conjunction with the additional strong SU(3) etc 
interaction, produces a condensate in the most attractive 
channel, which is (in a notation analogous to Eq. (|3.33[) ) 

(3, 2) x (3,2)->(3,l) . (3.35) 

This has AC 2 = 4/3 for SU(3) BT c and AC 2 = 3/2 
for SU (2) hc- The condensation in this channel breaks 
SU(3)etc to SU(2)tc and is invariant under SU(2)_H"c- 
The associated condensate is 

{^ k e a pCr T CC R Kfi ) , (3-36) 

where k € {2,3,4}. With no loss of generality, we 
may choose i = 2 as the breaking direction in SU (3) etc ■ 



Another condensate that is expected to form at a scale 
slightly below A 2 is 

(e a ex)i a T CC R 2 ^) , (3-37) 

which does not break any further gauge symmetries be- 
yond those broken at the scales Ai and A 2 . The choices 
of Ai ~ 10 3 TeV and a somewhat smaller value of A 2 can 
yield reasonable values for the masses of the quarks and 
charged leptons of the first two generations. Details on 
SM fermion mass generation in this theory are given in 
Ref. [3(| • Since the b quark and r lepton are SU (4) etc~ 
singlets, they would have to get their masses in a manner 
different from the quarks and charged leptons of the first 
two generations. SU(3)i-instanton effects can provide a 
way to produce m& (via a 't Hooft determinantal opera- 
tor) (ij. Further ingredients are required to account for 
m T and to obtain the sort of low-scale seesaw mechanism 
that was developed in Ref. [2(| to explain light neutrino 
masses (in a full SU(5) etc theory). Although there are 
no intrinsic mass terms in the high-scale Lagrangian for 
the (SM-singlet) fermions (|3.17p - (|3.19l) . these fermions all 
gain dynamical masses of order Ai or A 2 as a result of the 
various condensates that form, and hence are integrated 
out of the effective low-energy theory below A 2 . 

H. Sequence of Condensations Involving Gasm 

The breaking of Gasm is envisioned to occur at a scale 
roughly of order 1 TeV. In order to analyze this breaking, 
we first note that at this scale the operative gauge sym- 
metry is the one given in Eq. (|2.2[) . Following usual TC2 
practice, the model is arranged so that a c i{fx) is consider- 
ably larger than a c2 (/x) at this scale of about 1 TeV. This 
inequality in couplings can arise naturally, since the lead- 
ing coefficient of the SU(3)i beta function is larger than 
the corresponding leading coefficient of the SU(3) 2 beta 
function, as a consequence of the fact that the SU(3)i 
sector has fewer fermions than the SU(3)i sector. 

With the fermion content as specified above, the 
SU(3)i sector has 2 + 3 = 5 Dirac fermions while the 
SU(3) 2 sector has 8 + 3 = 11 Dirac fermions, both trans- 
forming according to the respective fundamental repre- 
sentations of these two groups. Hence, b\ = 23/3 for 
SU(3)i while 61 = 11/3 for SU(3) 2 . As the energy scale 
\x decreases through a value denoted A t , the coupling 
a c \{p) grows to be sufficiently large that the SU(3)i in- 
teraction produces a condensate in the 3 x 3 — > 1 channel, 
namely 

(it) = (i a ,Lt a R ) + h.c. (3.38) 

This channel has an attractiveness measure AC 2 = 8/3 
with respect to the SU(3)3 gauge interaction. If one as- 
sumes a given value of a c i(Mfc) at a high scale /Lt^, then 
a rough estimate of the value of the condensation scale 
At can be obtained by using Eq. (|6.4[) in the Appendix. 
Owing to the formation of the condensate (|3.38[) . the top 
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quark picks up a dynamical mass, and, indeed, this com- 
prises the dominant part of the mass of the top quark. 
As discussed above, the U(l)i interaction is attractive in 
this channel and repulsive in the bb channel. The con- 
densate (|3.38[) breaks part of the global symmetry group 
([3726]) . namely SU(2) (t , fc)l _ ® SU(2) (t)fe ) H , to its diagonal 
subgroup, SU(2)/ t M v , yielding three (pseudo)-Nambu- 
Goldstone bosons, \7r t ). TC2 models require that these 
be PNGB's rather than strictly massless NGB's because 
there are also three NGB's \tttc) resulting from the for- 
mation of the technifcrmion condensates, with the same 
SM quantum numbers, and only one set is absorbed to 
form the longitudinal components of the and Z. The 
\n t ) and \ittc) mix to form the states 

Wew) = cos6\ir TC ) + sin0|7r t ) 

|tt t > = -sin% TC > +cos% t ) (3.39) 

where 9 is a mixing angle. This mixing is relatively 
small, corresponding to the fact noted above that the W 
and Z masses arise primarily from the technicolor sec- 
tor. The |7Tew) are absorbed by the W and Z, while the 
three orthogonal pseudoscalars \ttt) are known as top 
pions. Using a Gell-Mann-Oakcs-Rcnncr-typc formula, 
one infers that the top pions will have masses given by 
m 2 . T ~ — / t _2 TOt,res(tt), where m ti res denotes a contri- 
bution to m t that is hard on the scale of At ||. This 
constitutes another necessary ingredient in a satisfactory 
UV completion of the TC2 model. With A t and f t as 
determined, m OTT ~ O(10 2 ) GeV. 

A channel of the same 3 x 3 — !• 1 type with respect to 
SU(3)i and thus also a most attractive channel with re- 
spect to this group, is one that would break the SU(3)mc 
gauge symmetry, namely one that would produce the con- 
densates 

(na.v.LCit) , P=l,2 > 3. (3.40) 

This condensate also breaks the global SU(3) % and U(l) 
symmetries in Eq. (|3.26[) . giving rise to (P)NGB's and 
also producing dynamical masses of order A t for the 77° L 
fields. As before, the (P)NGB's are SM-singlets and are 
derivatively coupled, so their effects at scales far below 
1 TeV are suppressed. These effects merit further study. 
We assume that if the vacuum alignment is such that 
the condensate (|3.40p does form, it does so at a scale 
somewhat below A t ~ Amc and hence does not signifi- 
cantly weaken the effective SU (3) mc interaction at the 
scale K-mc- The formation of the condensate (|3.40p does 
have a positive role, since if this did not happen, then 
the resultant low-energy effective field theory operative 
below Kmc would contain three light Dirac color-triplet, 
electroweak-singlet fermions constructed from the six chi- 
ral fermions 77° L and 77° R , p = 1,2,3. Experimentally, 
such states are excluded, with lower limits of order sev- 
eral hundred GeV, depending on details of the signatures 
of the production and decays GeV [ill, HH • 

Written in vectorlike form, the SU (3) mc gauge interac- 
tion has three Dirac fermions transforming as the funda- 



mental representation of this group. This number is well 
below the estimated critical number Nt cr ~ 12 beyond 
which the theory would evolve into the infrared with- 
out spontaneously breaking chiral symmetry (see Ap- 
pendix for further discussion). It follows that, as the 
reference scale /i decreases through a scale denoted Amc, 
the SU(3) mc interaction gets sufficiently strong to cause 
condensation in the channel 3 x 3 — > 1, which is the most 
attractive channel, with condensate 

Cr.xj.Ci,;" + h.c. , (3.41) 

breaking SU(3)i ® SU(3)2 to the diagonal subgroup, 
SU(3) C . This condensation channel has an attrac- 
tiveness measure AC2 = 8/3 with respect to the 
SU(3)mc gauge interaction. The fermions involved in 
this condensate get dynamical masses of order Amc 
and the gauge bosons (often called colorons) in the 
coset [SU(3)i ® SU(3) 2 ]/SU(3) C gain masses {g 2 cl + 
g 2 2 ) 1/2 A M c — ffciAjwc — Amc (where the running cou- 
plings g c i and g C 2 are evaluated at Amc)- The model 
is arranged so that Amc ~ A t ; this is necessary since if 
Amc were larger than A t , then the SU(3)i would already 
have broken to regular color SU(3) C , which has a consid- 
erably weaker coupling (given by Eq. (|3.42p below) at 
the scale Amc and hence would not produce a (it) con- 
densate. On the other hand, Amc should be high enough 
so that (i) the colorons have sufficiently large masses to 
avoid conflict with the lower bounds from experimental 
searches [H-QjJ and also (ii) high enough to avoid tran- 
sitional threshold effects in high-precision Z decay data, 
which are consistent with equal color SU(3) C couplings of 
gluons to the third-generation b quark as well as first- and 
second-generation quarks. A choice that plausibly satis- 
fies these requirements is Amc ~ 1 TeV. The resultant 
color SU(3) C coupling is given by 



a c (/-<) ck c i(//) a c2 (/i) 

so that, with a c i([x) » a C 2(/i), the value of a c (/j,) at 
and below Amc is set by the weaker coupling, a C 2(/i), 
and can thus agree with measured values of a c for /i < 
mz- In the effective low-energy field theory operative 
at scales below Amc, we shall use the index a for the 
resultant SU(3) C color symmetry. The SU(3)MC" m duced 
condensate (|3.41j) breaks a further part of the (abelian 
subgroup of the) global symmetry group (I3.26[) . 

A comment is in order here concerning the choice of 
the metacolor gauge group. One might ask why we do 
not use SU(2)mc rather than SU(3)mc- To see why, let 
us imagine replacing SU(3)a/c with SU(2)mc> and thus 
using p = 1, 2 rather than p = 1, 2, 3 in Eqs. (13.21)) and 
(|3.23[) . Then as the SU(2) mc interaction becomes strong 
enough to cause condensation, the channel 2x2^1 
leading to the condensate (|3.41[) would have attractive- 
ness measure AC2 = 3/2. However, in this hypothetical 
case where the metacolor group is SU(2) mc, there would 
be an even more attractive condensation channel than 
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the one producing the desired condensate f|3.41[) , namely 
the channel producing the undesired condensate 

(e abc ex p e R X T Ct R p ) , (3.43) 

where a, 6, c are SU(3)i gauge indices and A, p are 
indices for the hypothetical SU(2)mc group. This con- 
densate is undesired because it would break SU(3)i to 
SU(2)i, and this, in turn, would prevent the theory from 
yielding the usual color SU(3) C group at lower scales. 
With the hypothetical SU(2)mc gauge interaction, this 
undesired condensation channel would have the same 
degree of attractiveness AC2 = 3/2 with respect to 
SU(2)mc, but it would have an additional attraction due 
to the SU(3)i interaction, since it involves the SU(3)i 
channel (3 x 3) a — > 3, with AC2 = 4/3. Hence, by usual 
MAC arguments, if the metacolor group were to be taken 
to be SU(2)mc instead of SU(3)a/c, the unwanted con- 
densate (|3.43[) would form first, as the theory evolved 
toward the infrared, rather than the desired condensate 
(|3.4ip . The use of SU(3)a/c avoids this and guarantees 
that the MAC is the one that produces the condensate 
(l3~4Tj) . 

We next proceed to analyze the condensate produced 
by the SXJ(2)uc interaction. The SU(2)[/c sector is 
asymptotically free and, when written in vectorial form, 
contains two Dirac fermions transforming as the funda- 
mental representation. This is well below the estimated 
critical number, Nj iCr ~ 8 (see Appendix) beyond which 
this theory would evolve into the infrared in a chirally 
symmetric manner. Hence, as the scale /i decreases from 
large values through a value Ajjc — Amc, the coupling 
otucilj) grows large enough to trigger condensation in 
the channel 2 x 2 — > 1, with condensate 



h.c. 



(3.44) 



This breaks the U(l)i (g> U(l)2 symmetry to the diago- 
nal subgroup, XJ(1)y- The fermions tt R and Cl R involved 
in this condensate gain dynamical masses of order Ajjc- 
The condensate (|3.44|) preserves the global V(l)ucg sym- 
metry, which is, indeed, the global limit of the U(l)y 
symmetry acting on the UC-nonsinglet fermions. We de- 
note the gauge fields corresponding to U(l)i and U(l)2 
as B\ and B2 (suppressing Lorentz indices). The linear 
combination 



B' = 



-g[Ih+g^h 



gains a mass given by 



{g'i+92)y 2 A 2 UC 



(3.45) 



(3.46) 



The field p. 451) corresponds to the coset [U(l)i ® 
U(l) 2 ]/U(l)y. (The B' is often called by the generic 
name Z' in the literature.) The orthogonal linear combi- 
nation, 



is the gauge boson corresponding to the usual weak hy- 
percharge U(l)y in the SM gauge group Gsm, which is 
massless at this stage, with squared coupling a'(fi) — 
g'{n) 2 /(4w) given by 



1 



a'(fi) a' 2 {p) 



(3.48) 



B 



\/9? + 9': 



(3.47) 



At scales \x below kuc — Amc, the effective gauge 
group resulting from Gasm that is operative is thus 
Gsm- The residual symmetry resulting from Getca in- 
cludes exact SU(2) TC , SU(2) ffC , and SV(2) UC . (The 
symmetry SU(2)mc may be broken by condensates of the 
form (|3.40[1 .) Without further ingredients, the fermions 
u> Pi l and ujp.R with p = 1,2 would remain in this low- 
energy theory, as a vectorial pair of SU(2)£-singlets with 
nonzero weak hypercharge. This would be problematic, 
since, from the standard relation Q = + (5V 2), it 
follows that they are electrically charged. Such light, 
charged leptons are excluded for values of y ~ O(l), and 
\y\ cannot be made small compared to unity, because this 
would reduce the B' mass too much. It is possible that 
both this problem and the problem of a nearby Landau 
singularity could be cured by the physics that would in- 
volve the embedding of the U(l)i ® U(l)2 symmetry in 
non-Abelian symmetry group(s) operative at higher en- 
ergy scales. 



I. SU(2)tc Technicolor Sector 

The final stage of condensation and resultant elec- 
troweak symmetry breaking occurs at the scale Atc, 
where the SU(2)tc interaction becomes sufficiently 
strongly coupled to produce technifermion condensates, 
breaking SU(2) L ® U(l)y to U(l) em . We have dis- 
cussed this in general above. The resultant W mass 
is given by Eq. (|2.7I) . A value of Atc consistent with 
f TC ^ 120 GeV is A TC - 250 GeV. With an SU(2) TC 
gauge group and 2Ntd = 2(iV c + 1) = 8 Dirac tech- 
nifermions, the technicolor sector can plausibly produce 
technifermion condensates (FF) (where F refers to the 
techni-up quarks, techni-down quarks, technineutrinos, 
and techni-charged leptons) and exhibit walking behav- 
ior associated with an approximate infrared fixed point of 
the TC beta function [23, [2J, [33] ■ As mentioned above, 
this walking behavior plays an important role in enhanc- 
ing the values of SM fermion masses produced by ETC 
(thereby enabling the theory to use higher ETC scales 
Aj which reduce flavor-changing neutral-current effects) 
and in making possible a reduction in TC corrections to 
W and Z propagators, as measured by the S parameter 
[H The \ttew) of Eq. (pT39]) are absorbed to 

become the longitudinal components of the and Z. 
This relies in part on the property that Atc « Auc, 
so that the massive Z boson is the same linear combina- 
tion, in terms of the U(l)y gauge field and the neutral 
SU(2)l gauge field as in the Standard Model, namely 
Z = cos 9\yB — sin#iy ^3- Precision electroweak data 
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constrain deviations from this form and hence set a lower 
bound of the TeV order on Kjjc- From these constraints 
and related constraints on new sources of custodial sym- 
metry violation, it follows that mz is given by the SM 
formula mz = mw / cos 9w- In order for the techni- 
color sector to be in agreement with precision electroweak 
data, it is necessary that the walking behavior reduce its 
contributions to the S parameter substantially relative 
to the value for a QCD-like theory [34[. It is also nec- 
essary that the masses of the pseudo-Nambu-Goldstone 
bosons generated by the chiral symmetry breaking due 
to the technifermion condensates should be sufficiently 
large to evade current experimental limits. The walking 
behavior has been shown to help in this regard (23|, but 
these PNGB's are still a significant concern in this type 
of ETC model. 



IV. ON THE ROLE OF SU(2) L 

The group Gasm involves modifications of two of the 
three factor groups of the Standard Model, leaving the 
SU(2)l unmodified. It is natural to ask what the conse- 
quences would be of following an analogous procedure 
with this group, replacing it with the direct product 
SU(2)z, i i (g) SU(2)i j2 in a symmetry group operative at 
a scale well above 1 TeV. We find that this does not 
produce the desired (it) condensate. To see what would 
happen, let us first consider a model with the high-scale 
symmetry group G, as before, but with Gasm replaced 
by 

G AS M2 = SU(3) C ® SU(2) Lil ® SU(2) L , 2 ®U(l)y . 

(4.1) 

The SM-nonsinglet fermions are taken to be as follows, 
where the numbers in parentheses are the dimensions 
of the representations of S\](A)etc and the three non- 
Abelian factor groups in G.4SM2, and the subscript is 
the weak hypercharge (all of these fields are singlets un- 
der SU(2) ffC ® SU(3)mc <8 SU(2) £/C ): 



L 



k' 



Q°, 



(4,3,l,2) 1/3 



\a,k 
' L 



t a 
h a , 



(l,3,2,l) 1/3 



■ (4,3,l,l) 4/3 



t a R : (1,3,1,1)4/3 



(4,3,l,l)_ 2/3 



b a R : (l,3,l,l)_ 2/3 



(4.2) 

(4.3) 

(4.4) 
(4.5) 
(4.6) 
(4.7) 



fk 



and 



TR 



(4,l,l,2)_i 



(1,1,2,1). 



(4,l,l,l)- 2 



(l,l,l,l)-2 



(4.8) 



(4.9) 



(4.10) 



(4.11) 



Here a, i, k, and k' are the SU(3) C , SU(4) BTC , SU(2)i, 
and SU(2) 2 gauge indices. We shall, for the moment, 
leave the SM-singlet sector unspecified; we comment on 
this later. All of the non-Abelian gauge interactions here 
are asymptotically free. 

We assume that the values of the corresponding gauge 
couplings are such that, as the energy scale \i decreases, 
the first interaction to become sufficiently strongly cou- 
pled to form a condensate is SU(2)l,i. Let us denote 
the scale at which this occurs as A^. We note that the 
SU(2)x, i i sector, as specified so far, has N c + 1 = 4 chi- 
ral SM-nonsinglet fermions, or equivalently, two Dirac 
fermions, so that it is well within the phase where chiral 
symmetry breaking takes place in the infrared. However, 
the resultant condensates of third-generation fermions 
are not of the desired type. The most attractive channel 
for the strongly coupled SU(2)l,i interaction is 2 x 2 — s- 1, 
and it produces several condensates in this channel. The 
first of these is of the form (tkiQ a £ k T CQ b £ e ), where Cki 
is the antisymmetric tensor density for SU(2)l.i- This is 
automatically antisymmetric in SU(3) C indices and hence 
is proportional to 



^abc<^ktQ a £ k T CQ b £ l ) — 2(e a b c t1 T Cb b L 



(4.12) 



where e a b c is the antisymmetric tensor density of SU(3) C . 
This transforms as a (3 x 2>) a ntisym = 3 under SU(3) C and 
hence breaks SU(3) C to a subgroup SU(2) C . It also vio- 
lates hypercharge and electric charge. The strong SU(2)i 
interaction would also produce the condensate 



{tkiQ a £ k T CL e L ) — 



Cv tL ) 



(4.13) 



which also breaks SU(3)3 to an SU(2) C subgroup and vi- 
olates hypercharge and electric charge. In addition to 
breaking these gauge symmetries, the condensate (I4.12[) 
breaks baryon number by AB = 2/3, while the conden- 
sate (|4.13p breaks B by AB = 1/3 and lepton number 
L by AL = 1. For all of these reasons, one avoids 
trying to construct a model with SU(2)i replaced by 
SU(2)i,i ® SU(2) l , 2 . 



V. CONCLUSIONS 

In conclusion, we have carried out an exploratory con- 
struction and analysis of an ultraviolet extension of a 
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TC2 theory. Let us assess the merits and shortcomings 
of this model. Among the partial successes is the fact 
that our model includes self-consistent dynamical mech- 
anisms that can account for (i) the breaking of the ETC 
gauge symmetry down to the residual exact technicolor 
symmetry, (ii) the breaking of SU(3)i®SU(3) 2 to SU(3) C , 
and (hi) the breaking of U(l)i <g> U(l) 2 to U(l)y. The 
model incorporates the characteristic feature of topcolor 
and TC2 theories, that the large mass of the top quark 
arises from the formation of a (it) condensate. Given that 
the resultant technicolor sector plausibly has a large but 
slowly running gauge coupling governed by an approxi- 
mate infrared fixed point, the TC/ETC interactions can 
produce a reasonable spectrum of masses for the first two 
generations of quarks and charged leptons. 

However, the model needs additional ingredients to be 
more realistic. Although we are able to embed two of 
the three SM fcrmion generations in an ETC framework, 
the model cannot contain a full embedding of all three 
generations in the ETC symmetry in the usual manner 
because the generational part of the ETC symmetry is 
incompatible with the property that the first two gener- 
ations of SM fcrmions transform differently under Gasm 
from the third generation. Consequently, this model only 
has mixing between the first two generations. A fully 
satisfactory explanation of the r lepton mass and the 
masses and mixings of neutrinos requires further ingre- 
dients, as does an explanation of the contribution to m t 
that is hard on the scale A t . Moreover, the model con- 
tains the non-asymptotically free U(l)i ®U(1) 2 sector of 
topcolor and TC2 models. As usual in TC2 models, the 
strength of the U(l)i interaction is bounded above both 
by its violation of custodial symmetry and by the require- 
ment that there not be any nearby Landau pole. One 
would hope in further work to embed this abelian product 
group in some asymptotically free, non-Abelian symme- 
try group (s). The condensates that are formed by the HC 
and MC interactions entail the appearance of (pseudo)- 
Nambu-Goldstone bosons, whose phenomenological con- 
sequences need further study. Some of the new fermions 
with nonzero SM quantum numbers, in particular, the 
color-singlet, SU(2)i-singlet, charged oj and w fermions, 
do not pick up large dynamical masses and hence would 
remain light, indicating the need for further ingredients 
to make the model more realistic. A general comment is 
that the model has a profusion of new gauge interactions. 
In an ultimate theory one would, of course, need to ex- 
plain the relative values of the many gauge couplings. Fi- 
nally, there are the usual concerns with TC /ETC models 
such as ensuring that pseudo-Nambu-Goldstone bosons 
that result from the technifermion condensates are suf- 
ficiently heavy, and ensuring that technicolor contribu- 
tions to the S parameter are sufficiently small to agree 
with experimental constraints. 

Nevertheless, given the interest in models of elec- 
troweak symmetry breaking involving both technifermion 
and top-quark condensates, we believe that it is valuable 
to carry out this type of exploratory investigation of pos- 



sible ultraviolet extensions. It is hoped that the present 
study will be of use in elucidating some of the challenges 
that one faces in building ultraviolet completions of TC2 
theories. 
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VI. APPENDIX 

In this Appendix we list some results used in the text. 
The beta function of a given factor group Gj with run- 
ning gauge coupling gj(fj.) is /3j = dgj/dt, where t = ln/j 
and [i is the reference scale. In terms of ctj, 



daj 
~dt 



3 

' 2ti 



Do 



(b 2 



4tt 



0(a 



(6.1) 



where we recall that the first two coefficients, {b\)j and 
(& 2 )j, are scheme-independent. The beta function with 
perturbatively calculated coefficients is appropriate to 
describe the running of a gauge coupling that is not 
too large, in the energy range where the correspond- 
ing gauge fields are dynamical (i.e., above corresponding 
scales at which Gj is broken) . For the condensation chan- 
nel ()3.15|) . a solution of the Dyson- Schwinger equation in 
the approximation of one-gauge boson exchange (often 
called the ladder approximation) yields the condition for 
the critical coupling ay >cr (e.g, |23[) 



3a ? cr AC 2 

— ^ = 1 

2vr 



(6.2) 



where AC 2 was given in Eq. (|3.16j) . Clearly, this is only 
a rough estimate, in view of the strong-coupling nature 
of the physics. 

To investigate the infrared behavior of an asymptoti- 
cally free Gj gauge interaction (i.e., one for which (bi)j > 
0), one integrates the beta function. For sufficiently few 
fermions that are nonsinglets under Gj, (& 2 )j > and 
the coupling will eventually exceed the critical coupling 
for condensation in some most attractive channel. As 
the number of fermions that are nonsinglets under Gj in- 
creases, the sign of (6 2 )j eventually reverses, and in this 
case, the (perturbative) two-loop beta function has a zero 
away from the origin, at 



OijJR 



Mh) 3 



(6.3) 



Within the context of these approximations, if this 
otjjR > (Xj jCr , then as ay exceeds ay,er, there is con- 
densation in the most attractive channel. In this case, 
the fermions involved in this condensate gain dynami- 
cal masses and the evolution of the theory further into 
the infrared is governed by a different beta function, so 
that otjjR is only an approximate fixed point. If, on 
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the other hand, ctjjR < oij. cr for any condensation chan- 
nel, then the Gj sector evolves into the infrared without 
any fermion condensation or associated spontaneous chi- 
ral symmetry breaking and ajjR is an exact infrared 
fixed point. In each of these cases, the behavior that oc- 
curs as a particular Gj gauge sector evolves toward the 
infrared can be changed if other interactions break the 
Gj symmetry, as happens, for example, with SU(3)2- 

Moreover, for an SU(2) gauge theory with chiral 
fermions transforming according to the fundamental rep- 
resentation, the absence of a global Witten anomaly 
means that there must be an even number of these 
fermions, so that one can always rewrite the theory in a 
vectorial form with Nf Dirac fermions. Then the above 
analysis yields the estimate Nf. cr ~ 8 for the critical 



number of such fermions below which the theory has 
SxSB in the infrared [24{ ■ For a vectorial (asymptotically 
free) SU(3) theory with Nf Dirac fermions transforming 
according to the fundamental representation, the same 
type of analysis yields the estimate Nf tCr — 12. Recent 
lattice results for SU(3) are broadly consistent, to within 
the theoretical uncertainties, with this estimate [32j |. 

Integrating Eq. (16. ip and imposing the condition (|6.2[) 
yields, to leading order, the following rough estimate for 
the energy scale where this condensation occurs: 



fi h exp 



(b 



2ir ( x 3AC 2 



2tt 



, (6.4) 



where fih is a high-energy reference scale. 
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